Matrix solutions of a noncommutative KP and a noncommutative mKP equation which can be expressed as quasideterminants are discussed. In particular, we investigate interaction properties of two-soliton solutions.
Introduction
A considerable amount of literature exists concerning noncommutative integrable systems. This includes noncommutative versions of the Burgers equation, the KdV equation, the KP equation, the mKP equation and the sine-Gordon equation [6, 14, 15, 2, 19, 8, 5, 12, 11, 1] . These equations can often be obtained by simply removing the assumption that the dependent variables and their derivatives in the Lax pair commute.
This paper is concerned with a noncommutative KP equation (ncKP) and a noncommutative mKP equation (ncmKP) [19, 13] . The Lax pair for ncKP is given by 
where u = v x . For ncmKP, the Lax pair [19] is given by
M mKP = 4∂ 
Both L mKP and M mKP are covariant under the Darboux transformation
Equations (6) and (7) form a noncommutative version of the mKP equation. Equation (7) is satisfied identically by applying the change of variables [19] 
The change of variables (8) has also been used in [6, 2] to study a noncommutative mKP hierarchy. For both ncKP and ncmKP equations, we consider families of solutions obtained from iterating binary Darboux transformations. These solutions can be expressed as quasideterminants, which were introduced by Gelfand et al in [4] . An n × n matrix Z = (z ij ) n×n over a ring R (noncommutative, in general) has n 2 quasideterminants, each of which is denoted |Z| ij for 1 ≤ i, j ≤ n. Let r j i denote the row vector obtained from the ith row of Z be deleting the jth entry, let c i j denote the column vector obtained from the jth row of Z by deleting the ith entry, let Z ij be the matrix obtained from Z by deleting the ith row and jth column and assume that Z ij is invertible. Then |Z| ij exists and
For notational convenience, we box the leading element about which the expansion is made so that
The quasideterminant solutions obtained from binary Darboux transformations reduce to ratios of grammian determinants in the commutative limit and we call them quasigrammians. In this paper, we will consider the case where the dependent variables in ncKP and ncmKP are matrices and apply the methods used in [8, 9, 10, 7] . From this platform, we investigate the interaction of the two-soliton solution of the matrix versions of ncKP and ncmKP.
Quasigrammian solutions of the ncKP equation
In this section we recall the construction of the quasigrammian solutions of ncKP in [5] . The adjoint Lax pair is
and
Using the notation Θ = (θ 1 , . . . θ n ) and P = (ρ 1 , . . . , ρ n ) we have, for n ≥ 1
The effect of the binary Darboux transformation
After n binary Darboux transformations we have
Two-soliton matrix solution
We now derive matrix solutions of ncKP using the methods applied in [8] . The trivial vacuum solution v 0 = O gives
The eigenfunctions θ i and the adjoint eigenfunctions ρ i satisfy
respectively. We choose the simplest nontrivial solutions of (15) and (16):
where
We take A j = r j P j , where r j is a scalar and P j is a projection matrix. With A j chosen in this way, we must have m = d. We choose B i = I and the solution u will be a d × d matrix.
In the case n = 1, we obtain a one-soliton matrix solution. Expanding (14) gives
The above calculation and others that that follow use the formula (I − aP ) −1 = I + aP (1 − a) −1 where a = 1 is a scalar and P is any projection matrix. We now have
where ξ = log r (p−q) . In the case n = d = 2, we obtain a two-soliton 2 × 2 matrix solution. By expanding (14) we get
We assume that the P j are the rank-1 projection matrices
where the 2-vectors µ j , ν j satisfy the condition (µ j , ν j ) = 0. Solving for K 1 and K 2 gives
We now investigate the behaviour of v [3] as t → ±∞. This will demonstrate that each soliton emerges from interaction undergoing a phase shift and that the amplitude of each soliton may also change due to the interaction. We first fix γ 1 − η 1 and assume without loss of generality that 0 > p 2 > q 2 > p 1 > q 1 .
and therefore
. Note that u = v x is invariant under the transformation v → v + C, where C is a constant matrix. As t → +∞, we get
(p2−q1)(µ2,ν2) and P 1 =μ 1 ⊗ν1 (μ1,ν1) . Therefore
where ξ (p1−q2)(p2−q1) . The matrix amplitude of the first soliton changes from
2 P 1 and the matrix amplitude of the second soliton changes from
2 P 2 as t changes from −∞ to +∞. If (µ 1 , ν 2 ) = 0 (P 2 P 1 = 0) or (µ 2 , ν 1 ) = 0 (P 1 P 2 = 0), then α = 0 and therefore β = 1, so there is no phase shift but the matrix amplitudes may still change. If (µ 1 , ν 2 ) = 0 and (µ 2 , ν 1 ) = 0 (giving P 1 P 2 = P 2 P 1 = 0), there is no phase shift or change in amplitude and so the solitons have trivial interaction. 
Quasigrammian solutions of the ncmKP equation
The construction of this particular binary Darboux transformation is given in [18] and also in [17] (for Lax operators with matrix coefficients). The adjoint Lax pair is For notational convenience, we denote an element of ker L † Using the notation Θ = (θ 1 , . . . θ n ) and P = (ρ 1 , . . . , ρ n ), we have, for n ≥ 1
where f is given in (8) . After n Darboux transformations we have
Two-soliton matrix solution
The trivial vacuum solution f = I (giving w = W = O) gives
The eigenfunctions θ i and the adjoint eigenfunctions ρ i satisfy (15) and (16) respectively. We again choose the eigenfunction solutions of the form (17) . With this, we have
As in the previous section, we take A j = r j P j and B i = I. So the solutions w and W will be d × d matrices.
In the case n = 1, we obtain a one-soliton matrix solution. Expanding (23) gives
If r > 0 and either q > p > 0 or 0 > q > p, or alternatively, if r < 0 and either p > q > 0 or 0 > p > q then
where ϕ = log( −pr q(p−q) ) and χ = log( −r (p−q) ). Both w and W have a unique maximum where
In the case n = d = 2, we obtain a two-soliton 2 × 2 matrix solution. Expanding (23) gives
Solving for L 1 and L 2 gives
and α is as defined in the previous section.
We now investigate the behaviour of F as t → ±∞. We first fix η 1 − γ 1 and assume without loss of generality that 0 > p 2 > q 2 > p 1 > q 1 . Then, as t → −∞,
where ϕ
q1(p1−q1) ) and χ
(p1−q1) ). Note that w = −F x F −1 and W = −F y F −1 are invariant under the transformation F → F C where C is a non-singular constant matrix. As t → +∞, we get
q2(p2−q1)(µ2,ν2) and P 1 =μ 1 ⊗ν1 (μ1,ν1) . Therefore
q2(p2−q2) ) and ϕ 
Conclusions
In this paper, we have considered a noncommutative KP and a noncommutative mKP equation. It was shown that solutions of ncmKP obtained from a binary Darboux transformation could be expressed as a single quasideterminant. In addition, we have used methods similar to those employed in [8] and obtained matrix versions of both ncKP and ncmKP. Finally, we investigated the interaction properties of the two-soliton solution of both ncKP and ncmKP. This showed that as well as undergoing a phase-shift, the amplitude of each soliton can also change, giving a more elegant picture than the commutative case. 
